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1 Abstract 

Starting from the solution to Bring's equation the root ambiguity is removed 
<~i ' from the solution to the quintic equation. This gives the five complex roots of 

"j^ I the quintic equation as indicated by Gauss's Fundamental Theorem of Algebra. 

2 Introduction 



in 
(N 



^ ' In the previous paper[Drociuk,l], the solution to the quintic was given, but the 

OO . root ambiguity was not correctly removed. This problem arises because Ferrari's 

method for solving the quartic equation does not introduce all possible roots. 
Instead if one uses a Tshirnhaussen transformation as demonstrated [Drociuk, 1], 
' to the quartic equation, the five correct roots of the quintic equation, 

O ; + mx^ + nx''^ +px^ +qx + r = Q (1) 

' are selcted for arbitrary coefficients m, n, p, q, and r. The roots are selected 

, from all possible roots using conditional loops to an arbitrary precission, e. 

> ! 3 Ambiguity in the Quartic Solution 



X 



The quartic equation, 

5^ i x^ + a^x^ + a-ix^ + axx + aq = (2) 

is transformed with, 

TsKl = + 623;^ + hxx + bo + yn (3) 

to the quadratic in y^, 

yt + B^yl + Bo = (4) 

whose four roots are, 

yi = i(-2B2 + 2(i?|-4So)^)^ (5) 
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y2 = -^(-2B2 + 2(i?2-4i?o)^)* (6) 
2/3-i(-2i32-2(i?|-4Bo)^)^ (7) 
y4 = -^(-2B2-2(i?2-4i?o)i)* (8) 



where, 



BO = Sblajao + ^0^203 + &o^2«2 ^ 26i^62a2 + 3a3a2fco + &o&2«i ^ Hhas + 46ofe2ao + 
46Q6iao+&g6fa2 — 26g6ia| — 6200*^3— 2ao6f 02 +03006^ — 62^0 '^i — 2&iaQa2+6iaoa^+ 
ao6f a| + 016062^2 — 3600300 + 20160620! — 801030260 + 6§o|a26i — 565620300 — 
6§03o|62+36o6i620i -26^620301 -26o6^oo02-46o620o6i-26o620oo|+26oOi6i02 + 
6o6|ooai — 6oa|oi6i + 260O3O161 — 6062O3O1 + 6062O2O1 — 60O161O2 + 36oai020o — 
860616201-560016100+361620300+00606103+0061030260-0061620201-0062026^03+ 
26foo + 6|oo + 61O0 — 6o6foi + O062O2 — 4620361 — 8ai6i^ + 86301 — 6oaf — 
8600200 + 6q + 2630060 - 6goj^ + 6§o^ - 016061O3 + og - 6062O261O3 - 6001620300 + 
6062016103+26000620302—86000616203+46062006102+86062006103-6061016202+ 
600162026103 + 361O062O1 — 26iOoOia3 — 61006301 + 61O062O2 + 6300610301 — 
62006^03 



(9) 



and 



B2 = O3O261 + 2016203 — 66062O2 — 562O3O0 + 46ioo — 80200 + 803O0 — 80302O1 
860O3 + 66§ — 96oai + 6303 + 8of — 26103 + 61O3 — 62026103 — 030^62 + o^ 
8616201 — 0161O3 — 86061O3 + 360630! + 20063 + 9030360 + 630301 — 263O301 



(10) 



_ (36bQibo2bQ3-108feoofcg3-8bg2 + 12(3)2 (4bg^bo3-bgibg3-18f)oibo2f)o3fcoo+27bgobg3+4boQbg2)2bo3)3 



The coefficients of the Tshirnhaussen transformation (H) are 
6n = 



6bo3 
(3boibo3-bo2) 



^ (bo3(36boibo2bo3-108boo6^3-8b32 + 12(3)7(4b3jbo3-b2jb22-18boibo2bo3boo+27b2j,b23+4boobi^2)7bo3)^-3^) 

(11) 

choose, 

61 = (12) 



and 



(o| + 3ai - 46o + 61O3 - 80303) 

"2 — r"2 — — N y'-'^j 

(a§ - 202) 
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the coefficients &oo, ^oii ^02 and 603 are given by 

^00 ~ (aQa3 + 20a2af+2a|af + 18a3af — 3601020003 + 150030^0200 +29oi02a|ao — 
54030^0002 — 403000102 — 4803000102 + 27of — a\a\a\ + 28a|oQ02 — 24o^Oq03 + 
4802O0O1 + 24o|oo03 + 12o|ooai — 10030002 — 14o3aoo| + 203O0O2 — \1a-ia\a\ + 
TogOjO^ — 48oio|ao + 3o|oiao + 21o2of a| — 15020^03 — 72of 0200 + 9af o|oo — 
63a3ofo2)/(o2 - 202)3 

(14) 

601 = (-lOo^o? - 840^0? + 80ooa| - 76o^o? - 64a^ai - 2o|a| + 12o§o^ - 
16o|oq — 108of — I602 + I2O03O1O2O0 — 34403O1O2O0 + IBojOgOo — IO03O1O0 — 
24o2o|oo — 74o|oi03 + 7O02O1O3 + 72030201 — 5203O2O1 + 8030301 + 4030002 + 
64o§Ooa2240o30i02 + 12o§ooOi + 192aoa2of )/(o| — 202)^ 

(15) 

^02 = (—640^0200 + 80300 + 16oio| — 104oio|a2 + 112a|ai02 — 64o3o| + 128aio| — 
8o|o2-304a302ai + 144af+64aia2+48a|o^+192ao03a2-80aia30o-128oi02ao)/(o§- 
2o2)3 

(16) 

^03 = (-64a|a| + 480^02 - 8a| + 64o§oo - 64of + 128030201 - 64aia|)/(o§ - 202)^ 

(17) 

Now the cubic(H)is solved for it's three roots, 



X3n = -Mn + - 1^2 - iV^i^A^ + '-^) 



(18) 
(19) 

(20) 



A„ = (366162 - 108yi - IO860 - Sbl + 12(126? - 36?6| - 546i62y„ - 54616260 + 
81y2 + l62y„6o + 12y,,q + 816^ + 126o63)^)^ 

(21) 

By substituting the values of y„, from equations (||) to (§), into equations (|8|) 
to (|20|), one can generate twelve possible roots, Xmn with m G (1,2,3) and 
n G (1,2,3,4). Only four roots satisfy equation (||), they are found by direct 
substitution. So for all complex coeffients oq, oi, 02 and 03 in equation (H), the 
four roots of the quartic are contained in Xmn- 
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4 Ambiguity in the Quintic Solution 



Recall in [Drociuk,!], the coefRcients of the quartic Tshirnhausen Transforma- 
tion, 

Tshl = x'^ + dx^ + cx'^ + bx + a + y (22) 
and let the coefficients of equation (^) be, 

ao ^ a + y (23) 

ai=b (24) 

02 = c (25) 

as^d (26) 

and calculate the twelve Xmn using the equations of the previous section. Then 
using nested "for loops" and "if-then" statements on Maple, x^n is substituted 
into both the quintic (|^) and the quartic (22). When both these equations are 



made less than e, we have obtained the first root of the quintc equation (^, let 
it be ri. e can be made arbitrarily close to zero. Let e = 10^^"°, you may chose 
it to be zero if you want to wait or have a faster computer. Now ri is then 
factored out of the quintic (^, leaving a quartic equation to be solved with the 
following coefficients, 

do = q + fip + r\n 4- mrz + r\ (27) 

ax = p + rin + rim + r\ (28) 

a2 — n + mri + r\ (29) 

= m + ri (30) 

Equations ( p7| ) to ( pO| ) are then substituted into the solution of the general 
quartic of the previous section, which gives another twelve roots, Xmn- This 
time four of these roots satisfy both the quartic (||) with coefficients (|27| ) to 
( ^0|) and the quintic (|l|), let them be r2,r^, and r^. They are determined in 
the same way as ri , using nested "for loops" and "if-then" statements on Maple. 
The the final array has five non-zero elements, they are the five complex roots 
of the quintic equation, (P. 

5 Conclusion 

The root ambiguity is removed from the solution to the general fifth and fourthde- 
gree polynomials. 
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